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A baseline sensor suite consisting of a star camera, an altimeter, gyros, accelerometers, and a velocimeter is

examined for the powered lunar descent landing problemusing linear covariance techniques. The inertial navigation

error during lunar powered descent and landing is determined, and the sensitivities to initial navigation errors,

gravity model errors, and individual instrument errors are evaluated. Terrain-relative navigation sensors are

introduced into the analysis, and a novel application of linear covariance analysis is used to iteratively determine the

sensor specifications needed to meet a 100 m 3-� landing-error requirement. The sensitivities of landing navigation

error to sensor errors, environment modeling errors, and terrain map errors are determined.

Nomenclature

a = acceleration, m=s2

b = vector bias
Diag�v� = diagonal matrix with elements of vector v along

the diagonal
d = correlation distance, m

F̂x̂ = Jacobian of the dynamics
f = vector scale factor

Ĥx̂�tm� = Jacobian of the measurement function at time tm
h = altitude, m
h�x; t� = measurement function relating the state x to the

measurement z
In�n = identity matrix

K̂�tm� = Kalman filter gain at time tm
K̂r = controller position gain, s�2

K̂v = controller velocity gain, s�1

K̂! = controller attitude-rate gain, N �m � s=rad
K̂� = controller attitude gain, N �m=rad
Om�n = matrix of zeros

P̂�t�m� = onboard filter covariance at time tm just before
measurement update

P̂�t�m� = onboard filter covariance at time tm just after
measurement update

p = parameters states
q = quaternion indicated by boldface q
qba = quaternion representing the orientation of the b

frame with respect to the a frame
R = covariance of discrete white noise process
r = position of the lander, m
ro = position of the landing objective, m
S = strength of continuous vector white noise process
T = torque, N �m
T b
a = direction cosine matrix representing the orientation

of the b frame with respect to the a frame
v = velocity of lander, m=s
v = vector
va = vector represented in coordinate frame a

w = continuous white Gaussian process noise
x = state vector
z = sensor measurements
�q��� = quaternion associated with a small rotation,

�q��� �
�
�=2
1

�
�T ��� = direction cosine matrix associated with a small

rotation, ��T ���	 � I3�3 � ���	
��t � t0� = Dirac delta function
�mm0 = Kronecker delta function
�� = small-angle rotation vector, rad
" = environment states
� = vector small-angle misalignment, rad
� = small rotation vector
���	 = cross product matrix defined by the ordinary cross

product ���	v
 � � v
� = continuous white Gaussian measurement noise
� = large-angle rotation vector, rad
� = discrete white Gaussian measurement noise
�2 = steady-state variance of first-order Markov process
� = correlation time constant, s
! = inertial angular velocity of the lander, rad=s
� = quaternion multiplication operator such that

qca 
 qcb � qba corresponds to the sequence of
rotations T c

a 
 T c
bT

b
a

^ = parameters, variables, and functions associated with
the flight algorithms

~ = measured values
� = reference or nominal values

Subscripts

accel = acceleration sensor
act = actuators
com = flight command
comp = corrected or compensated
grav = gravity model
gyro = inertial angular velocity sensor
l = lander
map = terrain map
moon = lunar parameters
o = landing objective
s = sensors
starcam = star camera
terrain = lunar terrain
thrust = thrust actuators
torque = torque actuators
trnpos = terrain-relative position sensor
trnang = terrain-relative angular sensor
vel = surface-relative velocity sensor
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a = translational acceleration
� = angular acceleration
�r = change in position

Superscripts

i = inertial frame
l = lander body frame
s = lunar surface frame
starcam = star-camera frame
trn = terrain-relative navigation sensor frame
vel = velocimeter frame

I. Introduction

A GENERAL linear covariance (LinCov) analysis [1] is a
statistical analysis tool that produces Monte Carlo-like results

in a fraction of the time. Because of its speed, it is often the tool of
choicewhen there aremanyoptions and trades to be considered in the
early design phases of a guidance, navigation, and control (GNC)
system. Although LinCov may not offer the detailed high-fidelity
analysis of a complex Monte Carlo simulation, it is usually accurate
enough for early design analysis. In the case of traditional GNCspace
systems, the differences betweenLinCovandMonteCarlo results are
typically less than 10% [2], though results need to be periodically
verified.

The purpose of this research is to apply LinCov to the problem of
powered lunar descent and landing navigation and to determine the
sensitivity of navigation performance to sensor selection and
accuracy. Although both LinCov and Monte Carlo techniques have
previously been applied to this problem [3–5], this research is new in
that it first evaluates the navigation performance for an inertial
navigation system with and without terrain-relative navigation
(TRN) and then introduces a novel application of LinCov analysis to
iteratively determine the TRN sensor specifications needed to meet a
100 m 3-� relative navigation landing-error requirement. Because
the total landing error is often dominated by navigation error, this
paper focuses on landing navigation performance. First, a navigation
system instrumented with gyros, accelerometers, a star camera, a
velocimeter, and an altimeter is considered and then later a TRN
sensor is added to the sensor suite. The total position control error or
landing dispersion will be the focus of a future study.

As with a Monte Carlo simulation, there is a need to validate the
models in a LinCov simulation and assess their accuracy. No
simulation, including Monte Carlo simulations, is 100% accurate.
The LinCov simulation in this paper has been validated by com-
paring the results with Apollo data, by making comparisons with
Monte Carlo simulations, and by using good engineering judgment.
Deorbit position and velocity errors consistent with Apollo data [6]
were used to initialize the LinCov simulation, and the resulting
navigation errors at landingwere found to be approximately the same
as published in Apollo-era literature [6]. Additionally, many of the
models in this LinCov simulation have been validated directly by
Monte Carlo analysis [1,2,7]. This includes all the rotational and
translational dynamics models, attitude determination and control
algorithm models, and sensor models including star cameras, gyros,
accelerometers, and optical cameras. The onlymodels not previously
validated are the relatively simple models for the altimeter, velo-
cimeter, and the terrain navigation sensor. The models for these
sensors are, however, similar to models used in other lunar descent
navigation simulation tools [4,5]. Finally, as with any linear covari-
ance simulation it is always important to apply good engineering
judgment in decidingwhether or not the results of a linearized system
are going to bemeaningful. In the case of lunar powered descent, they
are. This is evidenced by the fact that the lunar-landing problem can
be characterized by Kalman filters for navigation and gain
scheduling (polynomial curve fits) for guidance. Gain scheduling
and Kalman filters only workwell when the a linearizedmodel of the
system is appropriate.

The math models for the true environment and GNC flight
algorithms are presented in Secs. II and III. Then the baseline sensor

errors, environment errors, and nominal descent trajectories are
presented in Sec. IV. Inertial navigation performance results are
presented in Sec. V, and the sensitivity to inertial sensor accuracy and
environment modeling uncertainties is discussed. TRN sensors are
introduced into the analysis in Sec. VI, and the TRN sensor specifi-
cations needed to meet a 100 m 3-� relative navigation landing-error
requirement are determined. Finally, the sensitivity of relative
navigation performance to sensor errors, environment modeling
uncertainties, and terrain map errors are presented and discussed.

II. Truth Models

The LinCov analysis conducted in this paper is based upon the
conceptual Monte Carlo simulation shown in Fig. 1. The simulation
consists of truth models for sensors, actuators, and the environment
and flight software models for navigation (e.g., the onboard Kalman
filter), translational and rotational control, and pointing algorithms.
The LinCov analysis tool is based on linearized versions of the truth
models and flight software models, which are in turn used to develop
covariance propagation and update equations. The covariance equa-
tions are used to generate statistics on navigation error, trajectory
position and velocity error, and attitude error. The attitude and
trajectory errors are often referred to as dispersions.

The sensors onboard the lander include accelerometers, gyros, and
a star camera for inertial navigation and an altimeter, a velocimeter,
and either an angle- or position-based landmark recognition capa-
bility for surface-relative navigation. The combined hardware
and software needed for landmark recognition is referred to as the
terrain-relative navigation (TRN) sensor. The angle-based TRN
provides line-of-sight angle information on the position of the lander
relative to known landmarks. The position-based TRN provides a
complete position vector from the landmark to the lander. The
actuators onboard the lander consist of a set of thrusters to produce
the desired thrust and torque.

The LinCov tool used in this analysis has n
 84 states. The states
are divided into five major groups: landing objective, lunar lander,
sensor parameter, actuator parameter, and environment:

x 
 �xo; x‘;ps;pact; "�T (1)

The state of the landing objective is the position of the landing site in
inertial coordinates:

x o 
 �rio�T (2)

The state of the lunar lander consists of the inertial position, inertial
velocity, inertial to lander frame quaternion, and the inertial angular
velocity of the lander in body coordinates:

x ‘ 
 �ri; vi; q‘i ;!‘�T (3)

There are np 
 63 sensor and actuator states in total. The actuator
parameters pa characterize the errors in the thrust forces and thrust
torques:

p act 
 �pthrust;ptorque�T (4)
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Fig. 1 Conceptual Monte Carlo simulation for GNC analysis.
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It should be noted that because the control forces and torques are
produced with a common set of thrusters, the thrust force and torque
errors may be correlated. However, in this analysis they will be
modeled as uncorrelated errors. The sensor parameters ps charac-
terize the errors for the accelerometers, gyros, velocimeter, TRN
position sensor, TRN angle sensor, star camera, and altimeter:

p s 
 �paccel;pgyro;pvel;ptrnpos;ptrnang;pstarcam;palt�T (5)

The sensor and actuator parameters consist of bias errors b, scale-
factor errors f , and misalignment errors �, all of which are modeled
as first-order Markov processes. The elements of both sets are
outlined in Table 1.

Finally, the n" 
 6 environment states represent limited
knowledge of the lunar environment. They consist of an error in
the lunar gravity model "igrav and an error in the onboard terrain map
"smap used by the TRN. Both are modeled as first-order Markov
processes correlated by distance instead of time:

" 
 �"smap; "
i
grav�T (6)

A. Dynamics and Environment

The dynamics of the true state vector are given by

_r io 
!imoon � rio (7)

_r i 
 vi (8)

_v i 
 aigrav�ri� � aithrust�â‘com;pthrust� � "igrav �wa (9)

_q ‘i 

1

2

!‘

0

� �
� q‘i (10)

_! ‘ 
 I�1‘ ��!‘ � I‘!‘ � T‘torque�T̂
‘
com;ptorque�	 �w� (11)

_p j 
�pj=�j �wpj ; j
 1; 2; 3; . . . ; np (12)

_" k 
�
"k

dk=jvij
� w"k ; k
 1; 2; 3; . . . ; n" (13)

The angular velocity vector of themoon is denoted by!imoon, and I‘ is
the inertia of the lander. The gravitational acceleration, aigrav, is
derived from a point mass plus J2 gravitational model [8] of the
moon. All other perturbations in the moon’s gravitational field are
accounted for in the gravity error parameter "grav. The control

accelerations and torques from the thrusters, aithrust and T
‘
torque, are

defined in Eqs. (20) and (21) below. Unmodeled translational and
rotational accelerations are accounted for as process noise, wa and
w�, respectively, where

E�wa�t�wTa�t0�	 
 Sa��t� t0� (14)

E�w��t�wT��t0�	 
 S���t� t0� (15)

Each sensor and actuator parameter pj is modeled as a first-order
Markov process with a steady-state variance �2pj , a time constant �j,

and white noise wpj with variance

E�wpj �t�wpj �t0�	 
 ��2pj=2�j���t� t0� (16)

Similarly, each environment state "k is modeled as a first-order
Markov process with a steady-state variance �2"k , a correlation dis-
tance dk, and white noise w"k with variance

E�w"k �t�w"k�t0�	 
 ��2"k=2�k���t � t0� (17)

B. Thruster Models

The thruster torque and acceleration error model parameters are
scale factor, misalignment, and bias:

p thrust 
 �f thrust; �thrust; bthrust�T (18)

p torque 
 �f torque; �torque; btorque�T (19)

In terms of these parameters, the thruster acceleration model in
Eq. (9) is given by

aithrust�a‘com;pthrust� 
 T i
‘�q‘i ��T ��thrust�f�I3�3 � Diag�f thrust�	â‘com

� bthrust �wthrustg (20)

and the thruster torque model in Eq. (11) is given by

T‘torque�T‘com;ptorque� 
 �T ��torque�f�I3�3 � Diag�f torque�	T̂‘com
� btorque �wtorqueg (21)

The flight computer algorithms for the thruster commands â‘com and

T̂
‘
com are defined later, in Eqs. (63) and (64). The covariances of the

thrust and torque actuation noise are given by

E�wthrust�t�wTthrust�t0�	 
 Swthrust
��t � t0� (22)

E�wtorque�t�wTtorque�t0�	 
 Swtorque
��t � t0� (23)

C. Sensor Models

The lander inertial measurement unit (IMU) is a strap-down
system with three orthogonal accelerometers to measure the
components of the nongravitational acceleration of the lander and
three orthogonal gyros to measure the angular velocity of the lander.
The parameters for the accelerometer and gyro error models consist
of scale-factor errors, misalignment errors, and bias errors:

p accel 
 �f accel; �accel; baccel�T (24)

Table 1 Linear covariance simulation states

Quantity Dynamics model

Landing site

Inertial position 3 Lunar motion
Lander

Inertial position/
velocity

6 Orbital motion
(point mass� J2 gravity)

Attitude/attitude rate 6 Euler’s equation
Sensors

Accelerometers 9 First-order Markov bias, scale factor,
and misalignment

Gyros 9 First-order Markov bias, scale factor,
and misalignment

Velocimeter 9 First-order Markov bias, scale factor,
and misalignment

TRN position sensor 9 First-order Markov bias, scale factor,
and misalignment

TRN angles sensor 3 First-order Markov misalignment
Star camera 3 First-order Markov misalignment
Altimeter 3 First-order Markov bias
Actuators

Thrust forces 9 First-order Markov bias, scale factor,
and misalignment

Thrust torques 9 First-order Markov bias, scale factor,
and misalignment

Environment

Terrain map error 3 First-order Markov bias
Gravity model error 3 First-order Markov bias

Total 84
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p gyro 
 �fgyro; �gyro; bgyro�T (25)

In terms of these parameters, the output of the IMU in the lander
frame is

~a‘accel 
 �I3�3 � Diag�f accel�	�T ��accel�T ‘
i �q‘i �faithrust �wiag

� baccel �waccel (26)

~! ‘ 
 �I3�3 � Diag�fgyro�	�T ��gyro�!‘ � bgyro � �gyro (27)

where the covariances of the accelerometer noise and gyro noise are

E��accel�t��Taccel�t0�	 
 S�accel��t � t0� (28)

E��gyro�t��Tgyro�t0�	 
 S�gyro��t� t0� (29)

The star camera is used tomeasure the three-axis orientation of the
lander. The star-camera error model has only one parameter, the
three-dimensional uncertainty in the alignment of the star camera
with respect to the lander frame of reference. Thus,pstarcam 
 �starcam.
The output of the star camera is modeled as

~q starcam
i 
 �q��starcam� � �q��starcam� � �qstarcam‘ � q‘i (30)

where the covariance of the measurement noise �starcam is given by

E��starcam�tm��Tstarcam�tn�	 
 R�starcam�mn (31)

The lander altimeter measures the altitude of the lander above
the lunar terrain. The error model parameters include a scale fac-
tor, a bias, and a terrain elevation knowledge error, palt

�falt; balt; bterrain�T . The altitude measurement is modeled as

~h alt 
 �1� falt�fjrij � hterrain � �moong � balt � bterrain � �alt
(32)

where hterrain is the altitude of the terrain, �moon is the spherical radius
of the moon, and �alt represents white measurement noise with
variance

E��alt�tm��alt�tn�	 
 �2�alt�mn (33)

The lander velocimeter provides a three-dimensional measure-
ment of the surface-relative velocity in the instrument frame. The
parameters used in the velocimeter error model are scale factor,
bias, and an unknown misalignment of the instrument, pvel

�fvel; bvel; �vel�T . In terms of these parameters, the velocimeter
model can be written

~vvelrel 
 �I3�3 � Diag�fvel�	�T ��vel� �T vel
‘ T ‘

i �q‘i �fvi � !imoon � rig
� bvel � �vel (34)

where the covariance of the measurement noise �vel is given by

E��vel�tm��Tvel�tn�	 
 R�vel�mn (35)

The TRN angle sensor provides line-of-sight information by
measuring the pixel location of known landmarks on the surface. The
only error model parameter associated with this sensor is an
unknown misalignment of the sensor with the frame of the lander, or
ptrnang 
 �trnang. The model for the focal plane measurement [9] of a
landmark is given by

~l trnang 
 lx=lz
ly=lz

� �
� �trnang (36)

where the relative position of the landmark, ltrnlos 
 �lx; ly; lz	, in the
TRN frame is given by

~l trnlos 
 �T ��trnang� �T
trn
‘ T ‘

i �q‘i �f�ri � �rio ��ril � T i
s"
s
map�g (37)

and �trnang represents white noise with a covariance

E��trnang�tm��Ttrnang�tn�	 
 R�trnang�mn (38)

The vector�ril used in Eqs. (37) and (39) represents a position vector
from the landing objective to the landmark.

The second possible configuration of the TRN sensor includes a
method to determine the position vector of the lander relative to the
landing objective. The parameters for this model include a scale
factor, a bias, and an unknownmisalignment in the orientation of the
sensor,ptrnpos 
 �f trnpos; btrnpos; �trnpos�T . The model for the measure-
ment of the lander’s position in the TRN frame in terms of these
parameters is

~rtrn�r 
 �I3�3 � Diag�f trnpos�	�T ��trnpos� �T trn
‘ T ‘

i �q‘i �f�ri

� �rio ��ril � T i
s"
s
map�g � btrnpos � �trnpos (39)

where the covariance of the measurement noise �trnpos is given by

E��trnpos�tm��Ttrnpos�tn�	 
 R�trnpos�mn (40)

III. Flight Algorithm Models

The navigation state is defined by an n̂-dimensional vector:

x̂
 �x̂o; x̂‘; p̂; "̂�T (41)

It is composed of three states for the landing objective, nine states for
the lander, n̂p 
 63 parameter states, and n̂" 
 6 environment states:

x̂ o 
 �r̂io� (42)

x̂ ‘ 
 �r̂i; v̂i; q̂‘i �T (43)

p̂
 �p̂s; p̂a�T (44)

"̂
 �"̂smap; "̂
i
grav�T (45)

The angular velocity of the lander is omitted because the attitude
model operates in model replacement mode [9], in which the gyro
measurements replace the Euler equations that would otherwise
model the dynamics of the angular velocity state.

A. Navigation Algorithm

The navigation state propagation equations are given by

_̂r io 
!moon � r̂io (46)

_̂r i 
 v̂i (47)

_̂v i 
 âigrav�r̂i� � "̂igrav � âinongrav� ~a‘accel; p̂accel� (48)

_̂q ‘i 

1

2

!̂comp� ~!‘; p̂gyro�
0

� �
� q̂‘i (49)

_̂p k 
��p̂k=�̂k�; k
 1; 2; 3; . . . ; n̂p (50)

_̂" k 
�
"̂k

d̂k=jv̂ij
; k
 1; 2; 3; . . . ; n̂" (51)

The accelerometer measurements of the accelerations due to the
thrusters and nongravitational disturbances are corrected using the
best estimates of the accelerometer error model parameters and used
directly in the propagation of the lander’s position and velocity:

âinongrav� ~a‘accel; p̂accel� 
 T i
‘�q̂i‘��T ���̂accel�f�I3�3

� Diag�f̂ accel�	 ~a‘accel � b̂accelg (52)
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Similarly, the corrected measurement of the angular velocity is used
to propagate the quaternion of the lander:

!̂ comp� ~!‘; p̂gyro� 
 �T ���̂gyro�f�I3�3 � Diag�f̂gyro�	 ~w‘gyro � b̂gyrog
(53)

For gravitational acceleration, âigrav is a point mass plus J2 gravity
model [8].

These propagation equations can be written in the compact form

_̂x
 f̂�x̂; ~y; t� (54)

where ~y
 � ~a‘accel; ~w‘gyro�T is the output of the IMU as defined in
Eqs. (26) and (27). Linearizing this system of equations leads to the
navigation state covariance propagation equations:

_̂
P
 F̂x̂P̂� P̂F̂x̂ � Ŝ� � Ŝw (55)

where F̂x̂ is the partial of f̂ with respect to x̂. These partial

derivatives, the state process noise covariance Ŝw, and the covariance

Ŝ� due to gyro and accelerometer noise are given in Appendix B.
Note that “modified” states [10] are used in deriving this co-

variance propagation equation. The four-dimensional quaternion

state q̂‘i is replaced by three-dimensional rotationvector states �̂
‘
i , and

the quaternion kinematics are replaced by the Bortz equation [9].
Thus, quaternion errors �q̂‘i are replaced by a three-dimensional

small-angle rotation vector ��̂
‘
i and the linearized Bortz equation is

used to derive the attitude covariance propagation equations.
All the navigation state update equations

�x̂m 
 K̂�tm�� ~zm � ĥ�x̂m; tm�	 (56)

are additive:

x̂ �m 
 x̂�m � �x̂m (57)

with the exception of the attitude updates, which are implemented as
small quaternion rotations:

�q̂‘i �� 
 �q���̂
‘
i � � �q̂‘i �� (58)

When processing altimeter, velocimeter, angular TRN, and posi-
tional TRNmeasurements, ~zm is simply the output of the sensor and

ĥ�x̂m; tm� is the estimate of the measurement based on the error
models given in Eqs. (32), (34), (36), and (39), respectively.

When processing star-camera data, ~zm is a derived measurement
[9] calculated from

1
2
~zm
1

� �

 ~qstarcami � q̂i‘ � �q‘starcam � �q���̂starcam� (59)

For a standard Kalman filter, the flight computer estimate of the
derived star-camera measurement is

ĥ�x̂m; tm� 
 T̂ starcam
‘ ��̂

‘
i � �̂starcam (60)

where �̂starcam is the flight computer value of the star-camera
misalignment.

The navigation state covariance update equation is given by [11]

P̂�t�m� 
 �I � K̂�tm�Ĥx̂�tm�	P̂�t�m��I � K̂�tm�Ĥx̂�tm�	T

� K̂�tm�R̂��tm�K̂T�tm� (61)

where the Kalman gain K̂�tm� is given by

K̂�tm� 
 P̂�t�m�ĤT
x̂ �tm��Ĥx̂�tm�P̂�t�m�ĤT

x̂ �tm� � R̂��tm�	�1 (62)

The measurement sensitivity matrices Ĥx̂ and the measurement

covariance matrices R̂� for the star camera, altimeter, velocimeter,
and the TRN sensors are given in Appendix B.

B. Translational and Rotational Control Algorithms

A simple proportional–derivative controller is used to control the
position and attitude of the lander so that it follows a predefined
nominal trajectory � �ri�t�; �vi�t�; �qi�t��. The commanded acceleration
and the torque are calculated using the following control laws:

â icom�x̂; t� 
 K̂r��ri�t� � r̂i	 � K̂v� �vi�t� � v̂i	 (63)

T̂ ‘
com�x̂; t� 
 K̂���̂com � K̂!� �!‘�t� � !̂‘	 (64)

where K̂r, K̂v, K̂�, and K̂! are controller gains, and��̂com represents
attitude control error as defined by

1
2
��̂com
1

� �

 �qli�t� � q̂i‘ (65)

IV. Sensor Errors, Environment Errors,
and Nominal Trajectory

The baseline sensor suite considered in this paper is the sensor
suite proposed by NASA’s Autonomous Landing and Hazard
Avoidance Technology (ALHAT) project [5,12,13]. It consists of
gyros, accelerometers, a star camera, an altimeter, and a velocimeter.
The values of the gyro, accelerometer, and star-camera model
parameters and operating regimes are consistent with the ALHAT
project data [4,5] and are given in Table 2. Accelerometer data are
processed only during maneuvers to avoid the cumulative effects of
undesired accelerometer bias and noise. The values of the altimeter
and velocimeter model parameters are also consistent with the
ALHATproject data [4,5] and are given in Table 3.A time constant of
� 
1 is assumed unless explicitly stated otherwise.

The values of the baseline environment model parameters are
shown in Table 4. The random nongravitational accelerations [15]
produce a 500 m 3-� along-track uncertainty per one-half orbit. The
gravity model error [14], 60 mGal 3-�, assumes that the central force
and J2 are accounted for explicitly and produces an approximately
6 km 3-� along-track uncertainty per one-half orbit. Because it is
known from the Apollomissions that gravity error compensation can
substantially reduce the effect of this error source [6], the baseline
gravity error can optionally be reduced to 6 mGal 3-�. The baseline
initial position and velocity navigation errors at deorbit are also
consistent with those used byALHAT [4].‡The sensitivity of landing
navigation performance to these initial navigation errors is also
briefly investigated.

Two ALHAT nominal trajectories, a high trajectory and a low
trajectory, were selected for analysis and are shown in Fig. 2. The
high trajectory has a final vertical descent that begins at 3 km, and the
low trajectory has a final vertical descent that begins at 200m. In both
cases, deorbit occurs at a 100 km altitude. Powered descent initiation
(PDI) occurs approximately 312 km uprange of and 19.2 km above
the landing-site altitude for the low trajectory and approximately
300 km uprange of and 17 km above the landing-site altitude for the
high trajectory. The high trajectory has the capability of removing
2.5 kmof trajectory dispersion at the beginning of thevertical descent
(with a cost of 3% of the total�v). The low trajectory must remove
trajectory dispersions further uprange of the landing site.

V. Inertial Navigation Analysis

To gain a better understanding of the effects of gyro error,
accelerometer error, star-camera error, initial state error, gravity
model error, nongravitational disturbances, and altimeter and
velocimeter error on navigation performance, a preliminary LinCov
analysis was conducted. The objective of the analysis was to get an
order-of-magnitude feel for how these errors affect navigation

‡Personal notes of E. Schiesser, 2006 (“Navigation Error Covariance
Matrices for CEVand LSAM lunar orbit GN&C Analysis”).
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performance. The results are relatively independent of the particular
lunar-landing reference trajectory and serve as a guide to under-
standing the relative importance and magnitude of a wide variety of
navigation error sources.

Table 5 shows the effect of several error sources on inertial
navigation performance at PDI, the end of the braking burn, and
landing. The data in each row of the table show the impact of only the
indicated error source, with all other error sources and measurement
types turned off. Nongravitational disturbances, low initial state
uncertainties, and the total effect of gyro, accelerometer, and star-
camera errors produce navigation errors on the order of 100–400 m
3-� at PDI and 300–700 m 3-� at touchdown. Gravity model errors
produce approximately 4–6 km of navigation error, and the high

initial state uncertainties produce more than 40 km of error, all of
which is primarily in the downrange direction. The ALHAT program
is currently using the high and low initial position errors to represent
the worst- and best-case state uncertainties for low-lunar-orbit
navigation.

Table 6 shows the benefit of altimeter and velocimeter measure-
ments and the effect of operating these instruments at different
altitudes. Column 2 shows the inertial navigation performance
without the altimeter or thevelocimeter. Column3 shows the effect of
adding just the altimeter, and column 4 shows the effect of adding

both the altimeter and the velocimeter. In column 5, the effect of
adding gravity error compensation is shown. The data show that
navigation performance is not significantly improved by operating
the altimeter/velocimeter at altitudes much higher than 20 km. There
is, however, a significant advantage in operating the altimeter in the
2–20 km altitude range, in which timely improvements in altitude
and downrange knowledge can be used for the braking maneuver.
The downrange improvement is achieved through orbital down-
range-altitude error correlations. The velocimeter provides some
improvement in velocity knowledge, but does not provide a
significant improvement in position knowledge and is thus only
needed at the lower altitudes (<2 km) to determine the horizontal
surface velocity to prepare for landing. Notice also that a significant
reduction in landing error is achieved when gravity error compen-
sation is used in conjunction with the low initial state errors.

These results were obtained to gain a general understanding of the
relative importance of a wide range of navigation error sources.
Based on these results, we were able to narrow the scope of the
analysis and focus on the more practical navigation solutions. In
particular, we make the following additional assumptions: 1) the
altimeter operating range is 0.01–20.0 km, 2) the velocimeter
operating range is 0.01–2.0 km, and 3) the high initial state errors are
eliminated from the analysis space.

Table 2 Gyro, accelerometer, and star-camera baseline error model parameters consistent

with the ALHAT project data [4,5]

Sensor Operating range Model error (1-�) Comments

Star camera Deorbit to landing Misalignment: 50 arcsecond=axis 0.5 Hz
Measurement noise: 50 arcsecond=axis

Accelerometers During deorbit maneuver and
PDI through landing

Bias: 30 	g 0.5 Hz

Scale factor: 66 ppm
Random walk: 0:00017 m=s=

���
s
p

Misalignment: 20 arcsecond
Gyros Deorbit through landing Bias: 0:02 deg =hr 0.5 Hz

Scale factor: 1.6 ppm
Angle random walk: 0:00005 deg =

���
s
p

Misalignment: 20 arcsecond

Table 3 Baseline altimeter and velocimeter error model parameters consistent with the ALHAT project data [4,5]

Sensor Operating range Model error (1-�) Comments

Altimeter Bias: 0.5 m (� 
 100 s) 0.5 Hz
Scale factor: 0.1% ppm (� 
 100 s) Terrain uncertainty is 33 m with 10 m

correlation distance for
range >0:5 km (3.3 m for range <0:5 km)

20–120 km Measurement noise: 10 m
2–20 km Measurement noise: 5 m
0.01–2 km Measurement noise: 1 m

Velocimeter 10 m–2 km Bias: 0:1 m=s (� 
 100 s) 0.5 Hz
Scale factor: 0.1% ppm (� 
 100 s)
Measurement noise: 0:5 m=s
Misalignment: 50 arcsecond

Table 4 Baseline environment error model parameters

Error source Model error (1-�) Comments

Intermediate initial
position/velocity error [4]‡

1500 m downrange, 0:047 m=s downrange rate �0:9 correlation between downrange and altitude rate,
�0:9 correlation between downrange rate and altitude

200 m cross track, 0:2 m=s cross-track rate
50 m altitude, 1:5 m=s altitude rate

Gravity [14] 20 mGal=2 mGal w/wo gravity error compensation Equivalent to approximately 2 km=0:2 km along-track
error (per 1=2 orbit)

400 km correlation distance

Random accelerations [15] Process noise: 0:4 mm=s=
���
s
p

Equivalent to approximately 500 m along-track error
(per 1=2 orbit)
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The performance of the baseline navigation system and the
associated sensitivity analysis are summarized in Figs. 3–6. Results
for the high trajectory are shown in Figs. 3 and 4, and results for the
low trajectory are shown in Figs. 5 and 6. Each figure shows the total
inertial navigation position error as a function of time and the contri-
bution from each error source to the total as a function of time. The
individual error sources are 1) gravity model errors, 2) nongravita-
tional disturbances, 3) initial state uncertainties, and 4) altimeter,
velocimeter, gyro, and accelerometer instrument errors. The rss of
the individual component errors equals the total navigation position
error, and each component error is proportional to the error source.
Therefore, if gravity model errors or initial state uncertainties are
doubled, their individual contributions to the total navigation error
will double. If their errors are halved, their contributions to the total
will be halved. If a particular component error is a large fraction of the
total error, doubling or halving the error source will approximately

double or halve the total. Thus, these figures can be used by system
designers to determine when a better sensor or subsystem may
provide significant improvement in the overall system or when a less
expensive, less accurate sensor or subsystem may suffice without
comprising the overall performance of the system. In all cases, the
nongravitational disturbances have little impact on the total
navigation error.

For the baseline trajectories, the final landing uncertainties are
approximately 1 km 3-�. These uncertainties are reduced to 500–
600 m 3-� when using low initial state errors and gravity error
compensation. Although this is good performance, it will not be
sufficient to meet the 100m 3-� relative position knowledge require-
ment and justifies some form of terrain- or landing-site-relative
navigation.

The altimeter plays a significant role in reducing the navigation
knowledge error before PDI and during the braking maneuver.
Sufficient time should be allowed before PDI to extract as much
information from the altimeter data as possible. Information in the
downrange position is obtained through correlations between
altitude uncertainties and downrange uncertainties. Altimeter perfor-
mance has a larger impact on the overall navigation performance for
the baseline intermediate initial state uncertainty case because the
error that the altimeter can remove, the downrange error, is much
larger than the error that the altimeter cannot remove, the cross-track
error. Altimeter performance has less of an impact on the cases with
low state uncertainty because the downrange component is com-
parable to the cross-track component.

The baseline navigation uncertainties before PDI and altimeter
acquisition are on the order of 10 km 3-�. This knowledge error is
predominantly due to initial state uncertainties at deorbit and is
predominantly in the downrange direction. The uncertainty trans-
lates roughly into 10 km 3-� of trajectory dispersion from the nomi-
nal that must be taken out during the braking maneuver. However,
because the dispersion is also predominantly in the downrange
direction, most of the dispersion can be eliminated by simply
adjusting the remaining time of flight. The residual cross-track and
altitude dispersions can be removed by maneuvering the lander as
navigation accuracy improves.

With gravity error compensation and low initial state uncer-
tainties, the navigation error before PDI and altimeter acquisition is
reduced to 1 km 3-�. This is a tenfold improvement over the baseline.
The remaining error is predominantly due to residual gravity model

Fig. 2 Nominal/reference high and low trajectories selected for analysis.

Table 5 Effects of individual error sources on inertial navigation
performance at PDI, the end of the braking maneuver, and landing

Error source Inertial Nav
error

3-�

PDI Braking Landing

Accelerometer, gyros, and star camera 100 m 400 m 700 m
Gravity model

20 mGal (1-�), 400 m correlation distance 4 km 5 km 6 km

Nongravitational disturbances

0:4 mm=s=
���
s
p

(1-�) 350 m 450 m 500 m

High initial pos/vel errors (1-�)
10,000 m downrange, 0:28 m=s
downrange rate

1000 m cross track, 1 m=s cross-track rate 41 km 40 km 40 km
300 m altitude, 9:5 m=s altitude rate
�0:9 correlation

Low initial pos/vel errors (1-�)
86 m downrange, 0:0095 m=s
downrange rate

70 m cross track, 0:07 m=s cross-track rate 400 m 360 m 350
10 m altitude rate, 0:0814 m=s altitude rate
�0:9 correlation
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errors and initial state uncertainties and is distributed nearly
equally in the downrange and cross-track directions. Again, the
downrange dispersion component can be removed by adjusting the
flight time, and the residual cross-track and attitude dispersions can
be removed by maneuvering the lander as navigation accuracy
improves.

Velocimeter performance is not a factor for the high trajectory
because it is used only during the final vertical descent, during which
the altimeter is effectively providing the same data. In contrast, the
low trajectory uses the horizontal velocity data before the vertical
descent begins. Velocimeter performance is an important factor for
the low trajectory.

VI. Terrain-Relative Navigation Analysis

The objective of the LinCov terrain-relative navigation analysis is
to understand the relative importance of several terrain-relative
navigation error sources and to determine the minimum TRN
requirements to achieve a 100 m 3-� landing precision requirement.
The TRN requirements include sensor performance requirements,
operating range requirements (altitudes, velocities, orientation, and
rotation rates), and a priori terrain mapping mission requirements.
Once the minimum requirements are determined, the requirements
can be tightened as needed to improve overall system safety,
robustness, and fuel performance. For this research, two generic
TRN options were considered: 1) a TRN system that determines the
position relative to the terrain, and 2) a TRN system that determines

relative angles or bearing measurements to surface features. The
error models used in the LinCov analysis for these two options are
described next.

It is important to point out that there are two competing interests
pulling the operation of the TRN in opposite directions. To remove
trajectory dispersions andminimize their effect on fuel performance,
it is desirable to have TRN function early in the descent trajectory.
This in turn requires the TRN to operate at higher altitudes and in
general requires more terrain to be mapped at distances far from the
landing site. On the other hand, to meet the 100 m 3-� knowledge
error at landing, it is desirable to have the TRN function as late in the
descent trajectory as possible. A simpler design is required if the
TRN operates late in the trajectory over a small altitude/velocity
range and at lower altitudes when the landing site is potentially in the
field of view and a priori terrain mapping requirements are minimal.
In addition, there is no need for the TRN to overperform to compen-
sate for the cumulative effect of the IMU errors. Qualitatively, there
appears to be a middle ground in which the TRN can function early
enough to accommodate dispersion control and yet late enough
so as not be overburdened with excessive instrument performance
requirements, terrain mapping requirements, and operating range
requirements.

A. Terrain-Relative Navigation Error Models

In Fig. 7, the two major components of the LinCov TRN error
models, instrument error and map error, are illustrated. The map

Table 6 Inertial navigation performance in kilometers (3-�) at PDI, the end of the braking burn, and

landing for various sensor configurations

Gyros, accels, star cam,
grav error, and disturbances

�Altimeter �Velocimeter �Gravity error
compensation

Altimeter/velocimeter
operating altitude

High initial state errors

h < 120 km 41, 40, 40 26, 2.1, 1.8 1.6, 1.2, 1.2 1.5, 1.0, 1.0
h < 20 km 41, 40, 40 26, 2.2, 1.8 3.0, 1.5, 1.5 2.9, 1.3, 1.3
h < 2 km 41, 40, 40 41, 40, 3.4 41, 40, 2.8 41, 40, 2.3
Altimeter/velocimeter
operating altitude

Low initial state errors

h < 120 km 4.1, 5.4, 5.9 0.78, 0.83, 0.92 0.74, 0.74, 0.74 0.35, 0.34, 0.34
h < 20 km 4.1, 5.4, 5.9 0.95, 0.93, 1.0 0.92, 0.86, 0.86 0.39, 0.38, 0.38
h < 2 km 4.1, 5.4, 5.9 4.1, 5.4, 1.9 4.1, 5.4, 1.9 0.43, 0.55, 0.40
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Fig. 3 Total inertial navigation position uncertainty and individual components (high trajectory).
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error, which is directly related to map resolution, is a measure of how
well the positions of surface features are known relative to the
landing site in the map frame. For this analysis, the map error was
assumed to be 300 m 3-� for surface features located more than
10 km from the landing site and 30 m 3-� for features located less
than 10 km from the landing site. Although this two-tiered terrain
mapping error model is somewhat simplified relative to what would
be provided from a surfacemappingmission, it is complex enough to
help in understanding the impact on TRN performance and TRN
trends. An additional error, themap-tie error, or the uncertainty of the
inertial location of the landing site, is assumed to be 100 m 3-� in
the north–east directions and 10 m 3-� in the radial direction.

This uncertainty, however, does not play a major role in TRN
performance.

The numerical values for the TRN instrument error model
parameters are shown in Table 7. Two genericmodels are shown. The
firstmodel assumes that the TRN instrument provides terrain-relative
position vectors, and the errormodel is defined by the accuracy of the
position measurements. The second model assumes that the TRN
instrument provides angles or bearing measurements to surface
features and is defined by the accuracy of the angle measurements.
Instead of specifying the TRN instrument accuracy and then using
LinCov to determine the relative navigation error at landing, we used
theLinCov in a novel iterativemanner to determine the required TRN

Fig. 4 Total inertial navigation position uncertainty and individual components with gravity model error compensation and low initial state

uncertainties (high trajectory).

Fig. 5 Total inertial navigation position uncertainty and individual components (low trajectory).
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instrument accuracy (positional or angular) needed to meet a 100 m
3-� landing knowledge requirement.

B. Terrain-Relative Navigation Operating Range

Initially it may seem reasonable to assume that the TRN system
will operate through a large portion of the lunar descent trajectory
(e.g., from PDI through landing). But requiring the TRN system to
operate over a wide range of altitudes, velocities, and rotation rates
may not be practical. In addition, if we require terrain maps to cover
thousands of square kilometers from PDI though landing, it may not
be practical from either a TRN instrument perspective (e.g., onboard
memory requirements) or from a mapping mission perspective.
Thus, with simplicity as a goal, the analysis that follows examines the
effects of operating the TRN for only a brief period of time. Five
different operating regions were selected for both the high and low
trajectories. as shown in Table 8 and Fig. 8. The duration of each
operating region is 60 s. Region I is near the end of the descent

trajectory, and each subsequent region occurs 60 s earlier with the
exception of region V, which is 60 s before PDI. In each of these
regions, three different TRN measurement sample rates are
investigated: 1) a single measurement taken at the beginning of the
operating region, 2) measurements every 30 s, and 3) measurements
every 10 s.

C. Analysis Results, Sensitivities, and Major Findings

LinCov tools are typically used to determine overall navigation
performance as a function of time. For the inertial navigation analysis
in Sec. V, we also conducted a sensitivity analysis [11] to determine
the contribution of each source of uncertainty to the overall
navigation budget. This was accomplished by running the LinCov
tool one time for each source of error while turning off all the other
sources of error. For this TRN analysis, we tried something new.
After completing the sensitivity analysis, we used linear extra-
polation to estimate and compute the level of TRN sensor error that
would produce a total position error (due to all sources of error) equal

Fig. 6 Total inertial navigation position uncertainty and individual components with gravity model error compensation and low initial state

uncertainties (low trajectory).

Fig. 7 TRN error model showing instrument error and map error.
Table 7 TRN measurement error model parameters

Type Error model parameters (1-�) Comments

Position TRN Measurement bias Attitude uncertainty
and terrain map
resolution produce
additional error

Altitude, downrange, cross track
�pos=5, �pos, �pos (� 
 100 s)
Measurement noise

Altitude, downrange, cross track
�pos=5, �pos, �pos
Misalignment, scale factor

50 arcsecond, 0.01% (� 
 100 s)

Angles TRN Angle bias Attitude uncertainty
and terrain map
resolution produce
additional error

�ang (� 
 100 s)
Angle noise

�ang
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to 100m 3-�.With this estimate, we reran the sensitivity analysis and
recomputed the total position error. The process was repeated until
we found the level of TRN sensor error that resulted in precisely a
100 m 3-� total position. This is a novel technique that requires only
one or two iterations to converge. This entire process is then repeated
for different measurement sample rates, TRN operating regions,
TRN measurement types (positional or angular), and reference
trajectories (high or low).

The results are given in Figs. 9–12. These figures show the
required TRN instrument accuracy (positional or angular) to meet
the 100 m 3-� knowledge error at landing as a function of the
measurement sample rate and the TRN operating region. Shaded
cells indicate that the 100 m 3-� knowledge error could not be met.
Even with a perfect TRN instrument, the cumulative effect of gyro,
accelerometer, and star-camera errors after the TRN operating
period resulted in landing knowledge errors greater than 100 m 3-�.
The final landing errors using perfect TRN sensors are indicated in
the shaded cells. Unshaded cells show where the operation of the
TRN can achieve a 100 m 3-� landing knowledge error. The
required TRN sensor specifications are indicated in these cells. It is
important to point out that, even though a TRN sensor operating in
region I can meet the 3-� landing knowledge requirement, in
region I it may be too late in the trajectory to correct for trajectory
dispersions and meet the 3-� total landing-error requirement. This is
true for all region I analysis, high and low trajectories, and
positional and angular TRN measurements. Selected time histories
of relative navigation errors and the sensitivities of the relative
navigation errors to map error, baseline inertial instrument error,
and TRN error are given in Figs. A1–A10 in Appendix A. The

following are the major findings from the TRN analysis results and
analysis sensitivities.

There is a 60–120 s period from regions II to III of the high
trajectory and a 60 s period in region II of the low trajectory (indi-
cated by unshaded cells in those regions) where TRN is available
early enough in the trajectory to provide dispersion control and late
enough to achieve the 100 m 3-� landing knowledge error without
being overburdened with operating range requirements, terrain
mapping requirements, and TRN instrument requirements. This
conclusion is a strong function of when high-resolution terrain maps
become available along the descent trajectory. It is also a strong
function of when it becomes too late to recover from trajectory
dispersions. These conclusions need to be verified by focusing
specifically on this special operating region. Sensitivities to terrain
map resolution and dispersion control capabilities also need to be
determined.

There is a 60 s period near the end of the high trajectory (region II)
in which a single TRN measurement may provide sufficient relative
position/velocity knowledge early enough in the trajectory to provide
dispersion control and late enough to meet the 100 m 3-� landing
error. This conclusion needs to beverified by focusing specifically on
this special operating region.

The regions in which TRN cannot meet the 100 m 3-� knowledge
error at landing (shaded cells) are the regions in which the map
resolution is poor (300 m 3-�) and occur at TRN operating ranges
greater than 10 km. The regions in which TRN can meet the 100 m
3-� knowledge error at landing (unshaded cells) are the regions in
which the map resolution is high (30 m 3-�) and occur at operating
ranges less than 10 km.

Table 8 TRN operating regions

TRN operating regions (high trajectory)

I II III IV V (Pre-PDI)

Altitude 0.5–2 km 2–4 km 48 km 8–12 km 17.0–17.3 km
Range 0 km 0–0.6 km 0.6–15 km 15–48 km 300–370 km
Duration 60 s 60 s 60 s 60 s 60 s

TRN operating regions (low trajectory)

I II III IV V (Pre-PDI)

Altitude 0.2–2.5 km 2.5–8 km 8–14 km 14–17.5 km 19.2–19.5 km
Range 0–4.8 km 4.8–28.5 km 28.5–75 km 75 km–135 km 315–382 km
Duration 60 s 60 s 60 s 60 s 60 s

I/II
(120 s)

IV
(60 s)

III
(60 s)

V
(60 s)

II
(60 s) I

(60 s)

IV
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Fig. 8 TRN operating regions.
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As a general rule, in regions in which TRN canmeet the 100m 3-�
knowledge error at landing (unshaded cells), the TRN instrument
accuracy requirements are higherwith increasing altitude/range from
the landing site and lower with increasing sample rate. The exception
to this rule occurs when comparing regions I and II of the high
trajectory and is due to a strong coupling between TRN and veloci-
meter measurements.

Additionally, the sensitivity data in Appendix A clearly indicate
the following trends: 1) poor-resolution terrain map errors (300 m
3-�) dominate the relative navigation error before the lander en-
counters terrain with high-resolution maps; 2) with high-resolution
terrainmaps (30m 3-�), the relative navigation error is dominated by
TRN instrument error with the exception of high-trajectory region III
data, for which the baseline inertial instrument errors begin to
competewith the TRN errors; and 3) in all cases, map-tie error, or the
uncertainty of the inertial location of the landing site, does not have a
significant impact on the total relative navigation error.

VII. Conclusions

In this paper, a 165-state LinCov tool was used to conduct a
detailed analysis of the powered lunar descent and landing naviga-
tion problem. Although hundreds of runs were required to compute
the inertial and relative navigation errors and their sensitivities to
environment, sensor, and initial state errors, the total required CPU
time was minimal given that each run required less than 30 s of CPU
time on a common laptop computer.

The LinCov analysis showed that the 1 km 3-� final landing
uncertainties for the baseline trajectories are reduced to 500–600 m
3-� when using low initial state errors and gravity error compen-
sation. Although this is good performance, it is not sufficient to meet
the 100 m 3-� relative position knowledge requirement and justifies
some form of terrain- or landing-site-relative navigation.

The altimeter plays a significant role in reducing navigation
knowledge error before PDI and during the braking maneuver.
Sufficient time should be allowed before PDI to extract as much
information from the altimeter data as possible. This may require a
small increase in the operating altitude of the altimeter from 20 to
25 km, but the benefit will be a more accurate navigation state at
PDI without requiring a high-altitude surface feature tracking
system.

There is a 1–2 min period near the end of both the high and low
trajectories during which TRN is available early enough in the
trajectory to provide dispersion control and late enough to achieve
the 100 m 3-� landing error without being overburdened with
operating range requirements, terrain mapping requirements, and
TRN instrument requirements. This conclusion is a strong function
of when high-resolution terrain maps become available along the
descent trajectory. It is also a strong function of when it becomes too
late to recover from trajectory dispersions. These conclusions need to
be verified by focusing specifically on this special operating region.
Sensitivities to terrain map resolution and dispersion control capa-
bilities need to be determined.

Finally, there is a 60 s period near the end of the high trajectory
(region II) during which a single TRN measurement may provide
sufficient relative position/velocity knowledge early enough in the
trajectory to provide dispersion control and late enough to meet the
100 m 3-� landing error. Future analysis should also be focused on
this special operating region.

Appendix A: Terrain-Relative Navigation Error
Time Histories and Sensitivities

The figures below correspond to the unshaded cells in Figs. 9–12
with 10 s TRN measurement rates. Each figure shows the total
relative navigation error and the contribution of each error source to
the total error. The component error sources are terrain map error,
map-tie error (the uncertainty of the inertial location of the landing
site), baseline inertial instrument error, and TRN instrument error.
The rss of the individual component contributions equals the total
navigation error, and each contribution is proportional to the error

Fig. 9 Required TRN sensor performance using relative position

measurements to meet the 100 m 3-� landing knowledge error
requirement (high trajectory).

Fig. 10 Required TRN sensor performance using angle measurements
to meet the 100 m 3-� landing knowledge error requirement (high

trajectory).

Fig. 11 Required TRN sensor performance using relative position

measurements to meet the 100 m 3-� landing knowledge error

requirement (low trajectory).

Fig. 12 Required TRN sensor performance using angle measurements

to meet the 100 m 3-� landing knowledge error requirement (low

trajectory).
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source. If terrain map errors or TRN instrument errors are doubled,
their contributions to the total navigation error will double. If
their errors are halved, their contributions to the total will be halved.
If a particular component error is a large fraction of the total
error, doubling or halving the error source will double or halve the
total. Thus, these charts can be used by system designers to
determine when a better sensor, subsystem, or terrain map may
provide significant improvement in the overall system or when a
less expensive, less accurate sensor, subsystem, or terrain map may
suffice without compromising the overall performance of the
system.

Appendix B: Matrix Partial Derivatives

The propagation of the navigation state _̂x
 f̂�x̂; û; ~y� is
accomplished using Eqs. (46–51). The propagation of the navigation
state covariance matrix in Eq. (55) is accomplished using the
following partial derivative and state process noise covariances (for
the order of the states, see Fig. 1). Note that, for the linear covariance
analysis, the partial derivatives here have been evaluated along the
nominal state vector. This includes the nominal lander position,
velocity, attitude, and angular velocity and the nominal landing-site
position. All other states including biases, scale factors, and
misalignments are nominally zero.
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Fig. A1 Total TRN relative position uncertainty and individual components using position measurements (high trajectory).

Terrain Relative Navigation Performance (high traj) 
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Fig. A2 Total TRN relative position uncertainty and individual components using position measurements (high trajectory).
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Fig. A3 Total TRN relative position uncertainty and individual components using position measurements (high trajectory).

Terrain Relative Navigation Performance (high traj) 
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Fig. A4 Total TRN relative position uncertainty and individual components using angle measurements (high trajectory).
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Fig. A5 Total TRN relative position uncertainty and individual components using angle measurements (high trajectory).
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Fig. A6 Total TRN relative position uncertainty and individual components using angle measurements (high trajectory).
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Fig. A7 Total TRN relative position uncertainty and individual components using position measurements (low trajectory).

Terrain Relative Navigation Performance (low traj) 
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Fig. A8 Total TRN relative position uncertainty and individual components using position measurements (low trajectory).
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Themeasurement sensitivitymatrix for the velocimeter is given by

Ĥvel
x̂ 
 �03�3;�T̂

vel
i �!imoon�	; T̂

vel
i ; �v̂velrel�	T̂

vel
‘ ; 03�18;

Diag�v̂velrel �; �v̂velrel�	; I3�3; 03�36; 03�6� (B8)

The flight computer’s value of the velocimeter measurement
covariance is given by

R̂ vel
� 
 Diag���̂2velx ; �̂

2
vely
; �̂2velz 	� (B9)

Terrain Relative Navigation Performance (low traj) 
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Fig. A9 Total TRN relative position uncertainty and individual components using angle measurements (low trajectory).

Terrain Relative Navigation Performance (low traj) 
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Fig. A10 Total TRN relative position uncertainty and individual components using angle measurements (low trajectory).
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Themeasurement sensitivitymatrix for the TRNposition sensor is
given by

Ĥtrnpos

x̂ 
 �T̂ trn
i ;�T̂

trn
i ; 03�3; �r̂trn�r�	T̂

trn
‘ ; 03�27;

Diag�r̂trn�r�; �r̂trn�r�	; I3�3; 03�27; T̂
trn
s ; 03�3� (B10)

The flight computer’s value of the TRNposition sensormeasurement
covariance is given by

R̂
trnpos
� 
 Diag���̂2trnposx ; �̂2trnposy ; �̂2trnposz 	� (B11)

The measurement sensitivity matrix for the TRN angle sensor is
given by

Ĥ
trnang

x̂ 
 1=l̂z 0 �l̂x=l̂2z
0 1=l̂z �l̂y=l̂2z

 !
@l̂
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(B12)

where

@l̂
trn
los

@x̂

 �T̂ trn

i ;�T̂
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i ; 03�3; �l̂trnlos�	T̂

trn
‘ ; 03�60; �l̂trnlos�	; T̂

trn
s ; 03�3�

(B13)

The flight computer’s value of the TRN angle sensor measurement
covariance is given by

R̂
trnang
� 
 Diag���̂2trnangx ; �̂2trnangy 	� (B14)

Themeasurement sensitivity matrix for the star camera is given by

Ĥ starcam
x̂ 
 � 03�9 T̂ starcam

‘ 03�57 I3�3 03�9 � (B15)

The flight computer’s value of the star-camera measurement
covariance is given by

R̂ starcam
� 
 Diag���̂2starcamx ; �̂2starcamy

; �̂2starcamz
	� (B16)

The measurement sensitivity matrix for the altimeter is given by

Ĥ alt
x̂ 
�01�3 �r̂i�T=jr̂ij 01�6 01�60 �jr̂ij� �moon� 1 1 01�6 �

(B17)

The flight computer’s value of the altimeter’s measurement
covariance is simply given by

R̂ alt
� 
 �̂2�alt (B18)
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